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Mixed Variables Diophantine Inequality with Prime Variables
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Abstract: Let 1<k < 8/3,1, s > A5 and A4 be non-zero real numbers, not all of the same sign, that A, /4, is irrational and
let 1] be a real number. The inequalityl,llPl + A,P3 + 43P+ A, Pk + ?j'l < (mﬂxPj]_aﬁ has infinitely many solutions in

prime variables P, P2, P and P4 forany £ >0 .
Keywords: Diophantine inequalities; Hardy-Littlewood method; Davenport-Heilbronn method

1. Proof method

Where k and n is any given real number, € and § are given positive numbers which are small enough. The letter P represents a
prime number, let q be a denominator of a convergent to Ay /45 .

Set e(@) =e?™* x = g2 j=1,

$/(@) = Toreiax (10gPeP'D) Uf(@) = Tsyeriey €'@) T1(@) = fippesselatdt

By prime number theorem and Trigonometric integral, we have

S{@) «XY1 | Ti(@) « XImin(X, |al™) . (1
sinETH z,

ifa=0,K(a)= (T) Hfa=0,K(a) =7 So K(a) <« min(r|d2) ®)

K.(a) « min(t?, |a|~2) 3)

[ e(xy) K.(x)dx = max (0,7 — |y]),T >0. “

Up(a) —Ti(a) << 1+ |alX- ®)

J.OGR) = f;x[(e ((x + h)%) —g (xrl?) - ((x + h)%) - x}c)]zdx

Which 9 = Zp<x198BP ¢ cpebyshey function,

2—2
Lemma I[1J:let > 1, [ |s,(@) — U,( )2 da«,’ﬁTh’”z"# X +Y7, (X))

2 1 5
Lemma 2[1]: let k > 1, J (X, k)<, h2X- Lexp (— 01(;023,;)3):3'1?5 Kh<X-

Inference 1:let T= 1 andany A = 6,

I

2 X(E)_l —A
MSX_I%JS,.(A;@—U,.(&JHH da < X\7/ " (logX)™

Lemma 3[2] : for j= 1,2, jm|sj(,1ja)|2"|fc,(a)|da << X(logXy .

f K(6)] IS ()| *dar << TXVEXVE(log X )3,
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Lemmad [3]: [ e |S2(A0)| da <<1.

Let: R = {(p1.P2.P3.Ps)|6X < py <X, 8X < pj,p3 < X,6X < pk < X}.define:
G(a) = §1 (4 @)S2(A,a)S3(A30)S5; (A30)K (@)e(an) H(a) = T1(A10)To(A,a)T3(A3a) T, (A3)K (@) e(an)

As for any measurable subset () of Lebesgue of real number set R , 1(T, 1, £2) = J:*] G(a) d“)

(.1, R) < 1(log X )*J(x) Where S(X) represents the number of solutions in the inequality
|41p11 + P2 + A3p32 + Agps* 1] <T . (6)

Let R=M UmU t where M is the major arc, m is minor arc and T is the trivial arc. The decomposition is the following:
M ={alla| < P/X} m= {a| P/X < |al <@} T= {a|la] = @}
So that I(T, 1, M) = I(7,n, M) + I(T, 5, m) + I{T,n,T) .

2. The major mac
(T, M) = [, (T1(410)) T2(A20) T2 (A0) Ti(As@) K (@)e(na))da

+ [ (51040 - T (@) TG Tu(a)K. (@etna)da
+ f Msl (A1@)(S2(Aa) — T2 (A2a)) T2 (A3a)T (@) K (a)e(na)da
+ J Msl (A1@)S5(A2a)(S2(A3a) — Tr(A3a))T(As@) K (a)e(na)da

+ j MS 1(41@)S2(4,0)53 (A30) (S (A4a) — T (A4a))K (@)e(na)da
=:C1+62+C3+C4+C5

2.1 Lower bound for c,.
Using inequalities (2) and (4)

C, = fMH(a) da + 0( f::|H(a)| dax)

oo Ly [t 11 1 1
f |H(a)|da << T2X% atda << PP 3xET =2xE TIP3 = o(rz}fﬁ' )
P/X P/X

1
letD = [8X,X] X [(8X)Y/2, X1/2]2 x [(8X) /%, X1/¥] | we have [ H(@)da » X&'t so €y > T2X1HVD.

In fact, since the computations for C3, C3,C4 and Cs similar to, but simpler than, so you will get the corresponding ones for C3.

2.2 Bound for C3
C3 T2 f §1(A1a)(S2(Axx) — To(Ara)) T (A3a) T (A4a)da
M
<7 [ 5015020 ~ U210 T2 (s (s
M

+ 72 [ S1(L@)|U2(A20) — T2(A20)| T2(A3@) Ti(Asa)da =:1>(C31 + C3z).
142 142
o x| [ 10,0~ Tharda) ([ 15,00 da)
DM S

1,1 1 1 1 -4 1
< XTR((log X)™)Z(XlogX)Z <« X "F(logX)T « X%
FrX

1%
C3p & ’- [$10A1a) T2 {3 @) T { Ay} |dex + l‘ aX |S1(h ) T2 (Aza) T (Asar)| dee
x

) S

« (XlogX - Xlog”X)V? + P(XlogX - Xlog”X3V7 = (14 P)(XlogX - Xlog’ X)1/?

Since we need €37 = U{Xl'l'”k) , so that P= O(X“k) .Calculate according to this method, we need
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1 2 5
Cz = Cq. = CS = O(Xl-l-k_),sothat P = O(XS_,XE .
Collecting all the bounds of P, if 1 < k < 25/12,P = X*/3 ¢lse P =5/6k
3. The trivial arc
By the airthmetic-geometric mean inequality and Sg(As@) < X Vk  we see that

1 +oo
I(t,m,8) « XE fR 151 (A1 2)S 2(320)S2(A300) | Ko (@) dex

1 +oo 1/2 +o0 174
<<H(f |sl(a1a)|2m(cr)dcr) (j |sz(azcr)|*fn(a>dcr)

R R

1/4 12 1/2 3
(715,050 1*K, (@) da) " < XH{LL200) V3 (Uiog) V2 e

Remembering that I(T,7,t) = o(T2X1+(1/8+€) i e of the main term, the choice @ = log?X /1% is admissible.
4. The minor arc

Let us split m into two subsets M*and 1 =m\ m* | fi = m; Um, , where

my = {a € m:|S; (A @)| < x1-1/8+¢}
m,; = {a € m:|5;(1,a)| < X1/2—1f16-|:5} .

Using the Holder inequality ,Jlemma3 and Theorem3.1in [4] we obtain,
1 1/2 1/4
(5,1, my)] < maxs, (Ala.f)z( [ saar K.,{nr}dnr) ( [ @ fc,(-:r)dar)
my my

x (I, 15050 Ko(@da) " (1, 1k (a0 Ko(@)dar)’
1/

7 1/ 12 4 19,1 1l
« XT8(1X log? X)?('{XEXF log? X) & XTI FlogX = o(T2X'TF)

SoT = X~(8-30)/16k+s

Let 1S, (A,0)| > X1-(1/8)+e 1S, (Ap0)| > X(/2-(1/16)42 P/X < |al <1 %log*X Fol-
lowing the method in [5] we divide ™ into disjoint set E(Zy,Z,,¥)in which for a€ E(Zy,Zyy)
, we have Zy <|S(M@)| =221, Z; <|S2(Aha)| =22,y <|a| =2y Where

Z, = 2]:1){1—{1;"8]+5JI Z; = 2]:2){(1."2)—(1;"16':]+5JI V= 2];:3:‘;'—3a"5+5JI ¥, = ey (5/6k)—1+z kl- kZ: ng k_,)_ are non-negative infeger.
we have the following result about n(A) following the same lines of lemma 4 in [2].

Lemma 5: p(A4) « yx*+6ez,727,~*

I(t,n, 4) <<J ‘ [S1(A1@)| [S2(A20)]|52(A30)||S(As) || K (@) | dex

m

< (. 1511 @) S, (@) K (@) da) ([ . |S,(A0)|* K (a)da)

1 l 1 1 T
X ([ 15ea@ K (@)da) *  « (min (12 y2)¥((2,2,)*0(4) ) (tXlogX)s(cx+*)’
11 1 5 /3 3 (1,1
& (min (7%, y‘z))3y¥zl’zx(g)+{‘f]rg}((g)+{zﬂ
3 87 1 19 & (8-3K)
If y, = 25X 5, I(1,1, A) < 1Xe0' 2k, y, = 2k X(5/6K)—1+5 [(7 5 A) <« tX1e' 2. Sor =X Tex '° is optimal
choice.
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