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Abstract: Inthispaper, the boundedness forthe Hardy- Littlewood maximal operators in generalized Orlicz-Campanato space [*¢
will be proved.

Keywords: Hardy-Littlewood maximal operators; N-function; Generalized Orlicz-Morrey space.

1. Introduction
The Hardy-Littlewood maximal operator Mf  is defined by

Mf@)=sup = fofO)dy  fel, (R

where the supremum is taken over all cubes Q containing x and |Q| denotes the Lebesgue measure of Q. A cube in R* will always
mean a compact cubic interval with sides parallel to the axes.

In 1981, Bennett, Devoe, and Sharply!" study the boundedness of maximal operator in BMO spaces and proved that:
Theorem Al Let f € BMO | ifinf Mf(x) <o, then Mf (x) € BMO ,and

1M Q) lgaso SIS Hlgio .

In 1989, Chen Jiecheng showed a new and simpler proof of Theorem A (***!). As an extension of the BMO spaces, it is natural
and important to study the boundedness of maximal operator in Campanato spaces, one can ! for the recent progress. In this paper,
we will establish the boundedness in generalized Orlicz-Campanato space J®-¢ for Hardy-Littlewood Maximal Operators.

In this paper, the N-function ®(s) involved is given by
O (s) = [ p()dr $>0

where @(t) is a positive nondecreasing function defined for £ > 0 and ¢(0) = 0. An N-function @ is a convex function and is
said to satisfy the A, condition in (0, 0) if

D(25) < CD(s) (1.1)
forall s> 0.

Definition 1 Let @ be as above, we define the module of generalized Orlicz- Campanato space

L ={f € L, (R"): sup O f()= 1, | de <o)}

1
yeR" ,r>0 ¢(”) Bly.r
as following:

Il fllos= sup

1
yeR" ,r>0 ¢(l") B(y.r

O S~y D
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where B(y,7) denotes a ball with center ) and radius ¥, f =| B(y,7) B JB(y r)f (%) ax _ @(r) is a nondecreasing func-

tion in (0,00) and satisfies following doubling condition, there exist a constant | « J) < 2"+ with ¢ > 0 such that

P(2r) < Dg(r) (12)
forall » >0

log h(4) lim 10874

Definition 2 The lower index go = lim and upper index Po = zargo logd >

2-0" log A
where i(A) = sup[D(At) / D(¢)]

t>0
It is easily known that (s15])

1<qy £ py <© (13)
Now we state our main result.

Theorem 1 Let N-function ®(u) satisfies the A, condition, and ¢ satisfies the doubling condition (1.2), if igg Mf <o
then Mf (x) e L*?  and || Mf los<CI S oy

We remark that if @(s) = |sP, @(#) =r", then we can get the boundedness of Hardy-Little maximal operator in BMO(P) spac-
es which is equivalent with BMO(=9), and if ®(s) = [sP, ¢(#) =7", 0< B<n+a with 0 <a < p—1, then we can get the
boundedness of Hardy-Little maximal operator in classical Campanato spaces, and throughout this paper, the letter C will denote the

absolute positive constant, which may have different value in each line.

2. Lemmas and the proof of Theorem 1
First, we propose the following properties of ®@.

Lemma 1 If O(s) satisfies the A, condition then @(s) essentially equals to s¢(s) -

Proofin fact, gy ¢y = [ oy <[ pls)dt < sp(s)° also, p(s) = [ p(tyr >
s s S S S
> — = (=) > .
[L,000de= [ oyt =—0()> Cspls)
Lemma 2 If O(s) satisfies the A, condition, p,, q,, are the indexes defined above, then we get

D(AL) < CAPD(1),Vt20,0< A<1,0< p<q, o

D(AL) < C,A'D(1), V1 >0,A> 1, p, < g <o 22)

Proof Let 0 < p < g, , from the definition of g, , there exists a small positive
log h(A)

log A
other hand , for A, < A < 1there exists a proper integer k such that

number A, such that > p for 0< A< A, soweget D(At) S APD(t) for 0< A< A, and any ¢ > 0.0On the

2k Ay <A< 2k A, <2, then we deduce
D(AL) < D(2* A1) < 4,"D(2"1)

< 2,7 CrO(f) < 2P(2£p)k/1pq>(z) <CAPD(1)

lsk<log2/1i

where we have used the fact 0"
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Similarly, we have ®(47) < C,A'®(¢),Vt 20,1 > 1, p,, < g <0 _This completes the proof.
Lemma 3 If @(s) satisfies the A2 condition, then

I CD(S)d <C<D(u) 2.3)

S u

Proof Since g4, > 1, so we can takel < m < g, , by Lemma 2, we have @ (su) < Cs"®(u) forall 0<s<1,s0

_[Ou CD(S) ICD(uS) uds __IICD(us) , <_I —(I)(u)ds

s? 0 45
oLl (AR L
u u

LemmadLet | <P <qy and 0<ax < p—1. Suppose @ satisfies the doubling condition (1.2) with 1 < D < 2"** , and ®
isas above. If f ¢ % then

I
R+ y—x |l

Proof Let B = B(x,,r,). B(k) = B(xozkl’o)

ety

[+ y—x,

p-1

RS = 1 Dy < Ch(r)ry " [ f Ml s

p-1

(| f ~ f, Ddy

0 rp—l
< 0 D _ d
;Ig(k)B(kl) | T+ | y=X, ||'1+p71 (l f fB |) y
r P!
* e O f — f Dy
'[B|’”o+|y—xo|| o !
=I,+1,
Obviously,
1’0‘”_1
= D _ Vi
Ty O
-n ¢( O)
<Cr O f = f3 Dy
o7, )J ?

<Cr "D S Ml o

Now, we need to estimate /, . Since @ is a convex function and satisfies the A2 condition, we have

N ’fopi1 B
d _ZIJ.B(k) “BUD | g 4| y - X, ||n+p—1q>(| S =J5 Dy
= Cr’!
<y Ly @S = s Dy
= (2°r)
= Cr?
< Ty W(jm (= Fooo Dby + [ @ fuy = fu| )
=J,+J,
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Recall @(7) satisfies the doubling condition (1.2) with] < ) < 2"**and 0 < @ < p —1, itis easy to see that

O P~ o

. ¢(2k ) 1
kZ: 0)n+p 1 ¢(2k 7”0

p le
Z T DS Mo

<
§<

iy @S = o Dy

1

T QY )N S Mo

IN

,,p

1(2'n)

Z "D PE) S Mo
1 ") S 1] 0s

Finally, we need to estimate .J, . Using Jensen inequally and (1.2), we obtain

1

O Sy =S D = Pz [y S = )
< 20 = i D
<] B(Z§|2¢(;) L @0~ D
<c (Mf()’” ) £,

Therefore, by (2.2), (2.4) and the convex property of @ ,

| fB(l+1) fB(l) |

P )

(| Sy =S5 D < cD(kZ

1
< kqilzq)ﬂ fB(i+1) _fB(i) |)

<Ckv IZOD(Z?()”||f||W

2(n+0:)(l+1)

< Ck* ‘ZW( DS o

<k lz(zay 5B S o

< Ck* 11’0 TS o 15—2“)

< CE Y 1P S o

From (2.5) and assumption 0 < & < p —1, we have
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J Cz (2k ntp—1 jB(k)CD(‘ fB(k) _fB dy

0 —

Z ),,+,, — B [k @) 1y ¢ ) 1 S 00

—CZ o, 0)n+,, Sk @Y B s

scqu-l(zk )N S e
<Cr ") 1S Nl s

Combining the above estimate of J, and J,, obviously,

I <J+J, <Cry ") || f ||ch,¢

The proof of the Lemma 4 is complete.

Lemma5 Let (X) = ¥y, (%), 0, (x)=1"0(x/1),B=B(x,7,), B= B(x,,4r,) . Suppose ¢ satisfies the doubling
condition (1.2) with 1< D < 2" and 0 < < p—1, where 1 < p < g, , and that @ is N-function satisfying A, condition.

Then

( sup | I (@,(x =)= 0,(x, =N () = Sy ) < Ch(r)ry " [ f Ml s

t>0,xeB
forany f e L™,
Proof Put Bx?x0 (1) = B(x,,t)AB(x,t) (the symmetric difference), if # <37, and x € B, then BX,XO (3la B = and

lp,(x=y)—,(x,—») |- fnZE(o,n(t)(J’) » 80
O sup | [ (p,(x=3)=0,(x =)= f,(»)dv )

t>0,xeB
SO sup | [ (@ (=0)=0,5 =N ()= f; ()]
<C sup c1>(|j* e D)= Sy

t>31,,xeB t=ry<|y—xol<t+r

Tro 1
—f.|d

t>3r,,xeB tn_lro It—r0<\y—x0|<t+r0|f(y) fBl y)
<C sup (D j O Syl )

>3n.xeB 1 1=ny<|y=xo|<t+7y

<C sup (_),,

1>31,,xB t () t=ry<|y—xo|<t+ry

O f() =S5 dy)

-1
rP

<C s @S- S| dy)

R”|r0+|y—x0 [

<Co(ryry " || f ||Lrb,¢>

where we have found that (t +7,)—(t —7,) ~ C t "717”0 , and have used (2.1) in the fourth inequality, Jensen inequality in the
fifth and Lemma 4 in the last.

Now, we return to the proof of Theorem 1.

Proof Assume that fe [2% and f>0, fixaball B = B(xo’ ro), E = B(xo’ 4r0) ,write f* as

2022 | Volume 6 | Issue 17 - 117 -



f:fg"‘(f_fg))(,‘;"'(f_f,})ZEe :Zfz
Note that @ is a N-function and M ( f3)(x) = f5 :we have

[ @UMf = £ = M, (x,) D

< [ O M, + My (x) + M, () = M (x,) — £ Dl
< [, DML, 00+ M, () = Mf (x,) D

< [ @M, (x))dx+ [ DML, (x) = MF, (x,)
=K +K,

Since @(7) satisfy the doubling condition, we obtain

K < j "l {x e R Mf,(x) > s} lp(s)ds

SN ARG

<c[ A" —dql(j) SJdx
<C[ () f,(x)

<C[ ®( f - f;
<Co(r) |l f ||L'D”"

Where we have used Lemma 1 in the second inequality and Lemma 3 in the fourth .
Now, we need to estimate K , - Note that

| Mfy(x) = Mf,(x,) IS C| sup @, * f;(x) = sup ¢, * f3(x,)]

xeB, >0 xeB,t>0

<C sup |, * f3(x) =@, * f,(x)) |

xeB,t>0

Hence, by Lemma 5, we have

D(| Mf;(x) = My (x,) ) < D(C sup |, * f(x) =@, * f5(x,) )

xeB,t>0

<CO(sup | (0,0~ 1) =, (x, =N ()= f;)dy )

x€B,t>0

SCHr)ry " 1| f 1] o

Suppose that there is an X, so that Mf (x,) <0, then Mf;(x,) < f5 + Mf (x,) < o0, combining the above estimate, we

have

DMS)(x) < Ch(r)ry " | f [l o0 +PMF5(x,)) <0,

So, as Mf3(x0) < 00, we have

JBCD(I Mf = [ = My (x) Ddx < Ch(ry)ry " (| S |l o

Thus
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[ Mf 1] os < CULS oo

The proof of the Theorem 1 is complete.
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